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On complex deformations of Kahler-Ricci solitons 


NEFTON PALI 


Abstract 

We obtain a formal obstruction, i.e. a necessary condition for the 
existence of polarised complex deformations of Kahler-Ricci solitons. This 
obstruction is expressed in terms of the harmonic part of the variation of 
the complex structure. 


1 The obstruction result 


Despite the remarkable work of Podesta-Spiro, , not much is known on 

the existence of complex deformations of Kahler-Ricci solitons. In this paper, we 
provide an effective result on this topic. Namely, given any polarised family of 
complex deformations over a Kahler-Ricci soliton (polarised by the symplectic 
form of the initial Kahler-Ricci soliton), we can effectively establish a necessary 
condition for this family to exist. 

Let {X, J,g,uj) be a Fano manifold with oj = RiCj (P), where P > 0 is the 
unique volume form such that P = 1. (We denote by Ric^ (P) the Chern- 
Ricci form associated to the volume form P). We introduce the P-divergence 
operator acting on vector fields ^ as 


div^C 


d(^-P) 

P 


It is well known (see [Futj ). that the Lie algebra of J-holomorphic vector fields 
identifies with the space of complex valued functions 


:= - div^ iL0(X, C C^iX, C)o, 

where Cq{X, (D)o is the space of smooth complex valued functions with vanish¬ 
ing integral with respect to P. We denote by {Tx,j) the space of Tx-valued 
(0, l)-forms which are harmonic with respect to the Hodge-Witten Laplacian de¬ 
termined by the volume form P. 

Assume now (X, J,g,uj) is a compact Kahler-Ricci soliton and consider the 
functions / := log F := f — /P. The solution of the variational stability 

problem in [Pal2) shows that the vanishing harmonic cone 


KUTx.jX := 




A G 7^°;^ (Tx,j) 


ix 


|A|^AP = 0 


1 










is relevant for the deformation theory of compact Kahler-Ricci solitons. In the 
Dancer-Wang Kahler-Ricci soliton case q {Tx j)q ^ {0}, thanks to a result 
in |Ha-Mu| . 


For any A e (Tx.j) we define the IR-linear functional 


gA 




]R, 


^Aiu) := [ 2Reu{Vlf,A^} -(jVgf^VgA,tux,A) 

J X L g \ / j 

With these notations we can state our obstruction result. 


n. 


Theorem 1 Let {X, J, g, w) be a compact Kahler-Ricci soliton, let (Jt, 

be a smooth family of Kahler-Ricci solitons with Jq = J and let A G n (Tx.j) 

be the harmonic part of the variation Jq. Then A G {Tx,j)q and = 0. 

The fact that A G (^x.j)o is a statement in our previous work [Pal2] . 
We will show also that for any A G Hg’Q (Tx,j) holds the identity 


= -^ 2{Xlf,A^)^-(^JVgf^VgA,JA)^ 




whose right-hand side shows some similarity with the integral $^4 {u). 


2 Properties of the first variation of Perelman’s 
H map 

We need to remind a few basic facts proved in |Pal2) . We first remind some 
of the notations in [Pid2] . Let D > 0 be a smooth volume form over an ori¬ 
ented compact and connected Riemannian manifold {X,g). We equip the set of 
smooth Riemannian metrics Ad over X with the scalar product 

(u,u)i —> j^{u,v)gVL, (1) 

for all u,v G Lf [X, . Let P* be the formal adjoint of some operator P 

with respect to the metric g. We observe that the operator P*^ := e^P* 
with / log , is the formal adjoint of P with respect to the scalar product 
O- We define the real weighted Laplacian operator := V*“Vg. We notice 
in particular the identity div^ Vgit = —A^u, for all functions u. 

Over a Fano manifold {X, J,g,uj), with uj = RiCj (D), = 1. we de¬ 

fine the linear operator j acting on smooth complex valued functions u as 
B^jU := div^(JVgu). This is a first order differential operator. Indeed 

B^ ju = Tra (JV^u) - d/■ JVgU 


= 9{'^gU,JA/gf), 
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since J is g-anti-symmetric. We define the weighted complex Laplacian operator 
Ag j := Ag — acting on smooth complex valued functions. We remind 

the identity j = Ker(Ag j — 21), (see m)- 

We remind now that the il-Bakry-Emery-Ricci tensor of the metric g is 
defined by the formula 

RiCg(n) := Ric(5) + Vgdlog^. 

A Riemannian metric g is called a ri-shrinking Ricci soliton if g = RiCg(n). We 
define the following fundamental objects 

h = hg_o := RiCg(f2) - g, 

2H = 2iJg,a :=-A^/ + Trgh + 2/, 

with / := log We define also the normalised function ^ := H — Hil. We 
denote by Vi the space of smooth positive volume forms with unitary integral 
over X. For any V G Tv^, we define Vq := V/Vt. 

We notice now that over a polarised Fano manifold (A, w), oj G 27rci(A), the 
space of w-compatible complex structures Ju embeds naturally inside A4 x Vi 
via the Chern-Ricci form. The image of this embedding is 

Su: ■■= {(g, n) G Ado; X Vi I w = Ricj(f2), J =, 

with Muj := -uj-Ju; C M. The fact that the space Ju may be singular in general 
implies that also the space S^i may be singular. We denote by TCg^ (g q) the 
tangent cone of Si^ at an arbitrary point {g, fl) G 5^^. This is by definition the 
union of all tangent vectors of S^, at the point (g, fl). We notice that, (see for 
example [Pill]), the tangent cone TC^^^g of A4uj at an arbitrary point g G A4i^ 
satisfies the inclusion 

TC^.,gCro^[0], (2) 

with 

]Dg^,[o] := {v e C'- (A, SlT*^) \ v = - J*uJ, 9^, = 0}, 

with V* := g~^v. It has been showed in [Pal2j that for any {g, Q) G S^i holds 
the inclusion 

TC^.yg.o) C (3) 

with 

Tg^,Q := {(^, P) e X Tv, | 2dd'jV^ = -d | . 

(We will use the definition 2dj := i{dj — dj) in this paper). We remind (see 
|Pal2] l that a point {g, fl) G 5^^ is a Kahler-Ricci soliton if and only if o = 0. 
Furthermore, 

2ffg,a = -(Kj - 21)^ e n (A, R)o , 
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for all (g, fl) G S^i. The infinitesimal properties of the map ( 5 , fl) G Su, '—s- n 

are explained in the next sub-section. 


2.1 Triple splitting of the space ^ 

In [P al2| . we introduce a pseudo-Riemannian metric G over At x Vi which is 
positive defined over q for any {g, ft) G 5^^, with J := We denote by 


:= [Ker(A^,^ - 21)] "cC^(A,€)o, 

the LQ-orthogonal space to A^ j inside Cq{X, (D)o. By abuse of notations we 
will denote by Gg_n the scalar product over ’j'", induced by the isomorphism 


Explicitely (see |Pal2] l. 

Gg^Q{ip,tlj) = 


T 




9 + a) , - i Re - 21)^^] . 






Im 


)x 


{A^j - 21)^ Im (A^j - 2I)^P 


n 


n. 


For any {g, fl) G S^j, we introduce in |Pal2] the vector spaces 






Ag.j I (Kj - 21) w = (A^g - 21) u I, 


:= iuG 


and we denote by := Symp°(X, w) • {g,fl) C the orbit of the point 

(g, n) under the action of the identity component of the group of smooth sym- 
plectomorphisms Symp°(A, w) of X. The map rj restricts to a G-isometry 

^ 'r[g.n]^.(3.a)- 

The positivity of the metric Gg^n over A^’j , combined with an elliptic argument 
(see |Pal2] l implies the decomposition 

Ag.’j = ®g,n©GE^,n, 

Over a compact Kahler-Ricci soliton (X, J,g,uj), we introduce the operator 


P 


g,J 


{AIj-2I){AIj-2I). 
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This is a non-negative self-adjoint real elliptic operator with respect to the Lq- 
hermitian product. The restriction of the differential of the map map (g, 17) G 
Sui I—S' H_g Q over the space , identifies, via the isomorphism 77 , with the 


a 5“ “ y 

map 


Dg,nH-.Alf 

A^;jnc^{x,n), 

7/> 1-)■ 

^P^jReij. 

This map restricts to an isomorphism 


Dg^nK : ^ 

A^.tnC(r(A,R)o, 


(see [Pal2] for the technical details), and 


0^,0 = Keri^,,o^nA^_>^. 


Moreover, Ker P^j n {X, ]R)p = 


{Reu I u e =: ReA^j 


and 


In general for any {g, 17) € S^; Kahler-Ricci soliton holds the identity 

Ker Dg^Q^ n q = T'[g,n]^,(g,n) ®G 'H°g}i {Tx,j ), 

with J := —u!~^g. We finally notice that applying the finiteness theorem (see 
for example |Ebi) . proposition 6 . 6 , page 26), to the real elliptic operator 

^ deduce the LQ-orthogonal decomposi¬ 

tion 


C'(?(X,R)o 


A^^.-L 


nC(r(x,R)o 


R,e A 


n 

9,J' 


( 4 ) 


Remark 1 We denote by A^jj^ := KerR(Ag — 21) C (^^(A, R)o, and by 
- [KerR(A^-2I)]^" cC'(f(A,R)o, 
its LQ-orthogonal inside Cq{X,R)o. It is easy to see that the map 
X:A;^;^nC(^(X,R)o ^ T[g.aL.(g.a), 

U I—^ (2wdTx,j'^gU,{Bg^ju)^), 

is an isomorphism. Thus, there exists an isomorphism map 


e 


9 — iu G A 


n 

g,J- 
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3 Variation formulas for the fl-divergence oper¬ 
ators 


For any u,v € C°^ (X, we define in [Pal2] the real valued 1-form 

Mg{u,v){0 ■■= 2Vgu(efe,u*efc,C) + Vsw(C:i'gefc,efe), 

for all ^ S Tx- We show now the following important lemma. 

Lemma 1 The first variation of the operator valued map 

( 5 , fl) ^ V*- : (X, S^Tx) (X, T*x ), 

in arbitrary directions {v, V) is given by the formula 

2[{Dg,ny:'){v,V)]u = Mgiv,u)- 2u-{v;-vl + VgV^). ( 5 ) 

Proof We first differentiate the identity defining the covariant derivative of a 
symmetric 2-tensor u in the direction v. We infer 

where Vg := (I?gV,)(z;). Using the variation formula for the Levi-Civita con¬ 
nection in [Bes] . we obtain 

2VgU(e, V, P) = -U (Vg.jU^T? -b Vg,gU*e - (VgU^T?)^ C, T) 

- « {V. Vg,jU> + Vg.gU*^ - (VgU»^ f) . 

We transform the term 

“((^9^S^)g = 9(u;{VgV*gpf^^,P^ 

= 9{{^gV*gVfgf,U*gPj 

= 9 gV*g{u*gP,p)) 

= VgU(Ug^, 7 ?,^). 

We deduce the variation formula 

2ijgU{i,ri,p) = -u{SJg^^V*gP + y g^gV*g^,p) +y gV(u*gP,i,Vl) 

- U {p,Vg^^V*gP + Vg^^V*g^) + ygV{u*gP,^,p). 
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Thus, using the fact that u is symmetric we infer 

2 ^ = 2 u (VgU*,^) + Vgu(u*^, efc,efc) 

- u(Vg,e^w*^ +Vg,^r;*efe,efc) + Vgu(e/c, u*efe,/r), 

where g~^ G C°°{X, S^Tx) and {ek)k is a (/-orthonormed basis of Tx,p which 
diagonalises u at the point p. We observe however that the right hand-side of 
the previous equality is independent of the choice of the g-orthonormed basis 
(efe)fc thanks to the intrinsic definition of trace. Simplifying, we deduce 

2 p = 2u (y*gV*,fj.) -f Vgu(Mg/r,efe,efc) - Vgu(/r, u*efe, efc). (6) 

We can compute now the first variation of the expression 

Vg^u = -g~^^VgU + Vgf^u, 

with / = /g_o log ^ . We observe the identity 

[(^s,oV:-)Ky)]u = (UgV')-VgU-5-'-VgU 


+ [{Dg,nS/,f..,.){v,V)]^u. 

Let (efc)fe be a g-orthonormed local frame of Tx such that VgCtip) = 0, for 
some arbitrary point p. Using (j6]) and the variation formulas 

^(VgJ0 = VgJi-g:Vg,/t, (7) 

= ( 8 ) 

we obtain the equalities at the point p, 

2[(7?g,nV:-){u,U)]u(p) = 2Vgu(efe,u;efe,p)-2u(VX,/r) 


- \7gv{u*gp,ek,ek) + Xgv{p,u*gek,ek) 
+ u(Vg(TrgU- 2 Ua*)- 2 u*Vg/,p) 

= 2 Vgu{efe,u;efe,p)- 2 u(v;«Ug*,/r) 

- Vgu(UgP, efc,efe)-f Vgu(p,M*efc,efe) 
+ u(Vg(TrgU- 2 Uo*),p) 


= Mgiv,u){p) - 2u {V;-v*g + XgV^,p) , 
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thanks to the identity at the point p, 

Vgv(u*ii,ek,ek) = u{\/gTrgV,fj,). 

In order to see this last fact, we observe the equalities 

U{VgTlgV,p) = g {u*gVgTlgV,p) 

= 9{'^gT^^gV,u*gp) 

= {dVg Trg v) {Ugp) 

= {u*gp).v(ek,ek) 

= Vgv(u*gfj,,ek,ek), 

at the point p. We obtain the required variation formula. □ 

In a similar way we compute the first variation formula for the operator div^ 
acting on I-forms. 

Lemma 2 The first variation of the operator valued map 

(g, n) ^ div^ : (X, {X, R), 

in arbitrary directions (v, V) is given by the formula 

'{Dg^n divl) {v,V)]a = - {Vga*g, v*g)g + 2a ■ + VgV^) . 

We include the proof for readers convenience. 

Proof Let a be a 1-form and let p be two smooth vector fields. Differentiating 
the identity 

f.{a-p) = Vg^^a-p + a-Vg^^p, 

with respect to the variable g we obtain 

2'S/ga{i,p) = -a-2Xg{^,p) 

= -« • {^g,i'i’*g ■ V + ^g,vV*g ■ f) + VgV (a*g, ^ p) . 

We notice indeed the equalities 

«• •?] = ff(o‘*g’(^g,-^*g-v)g-^) 

= Vgw(ag,^,7?) . 
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We deduce 

2 = 2a • + a^. Tr^ v 

= a-(2V>; + V3Tr,^). 

We can compute now the first variation of the expression 
diVg a = g~^^Vga - a • Vg/. 

We observe the identities 

2 [pg.a divl) F)] a = -2{vlg-^)^Vga + 2g-^gU 

- 2a-[pg,aV./...)(u,l/)] 

= -2Vga (efc, u^efc) + a • (2V;u* + Vg Wg v) 

- a-{Vg{TrgV-2V^)-2vl-Vgf). 

We infer the required variation formula. □ 

We can compute now a first variation formula for the double divergence 
operator div|^ . We observe first the trivial identity 

-Dg.a (divl V:*) (u, V) ] u = [(Z?g.ndiv:)(u,V)] 

+ div^{[(i?g,aV:-)(z;,V)]u}, 

and we explicit the last term; 

2 div;^{[(Z?g.oV:-)(u,y)]z;} 

= e,. 2Vgt>(efc,t>*efc,e/)+Vgz;(e,,u;efe,efc) - 2v {V*g^v*g+V^,ei) 

- 2VgV (efc, Vg/) - VgU (Vg/, vlck, efc) + 2v (v;-v; + Vg/) . 
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Developing further we obtain 

2div^{[(D,,aV:-)(r;,D)]z;} 

= 2g(Vg_ej ’ VgCh, Gl) + 2g(Vg_efeWg • gg^VgSk, Gl) 

+ (^gefc, Gk) + 5(Vg,e,W* • Vg,e,Ugefe, Cfc) 

- 2Vg,e,n {gu^T^ + - 2^; ( Vg,e, + V^), e,) 

- 25 (Vg,e,z;*-n;efe,Vg/)-Vgz;(Vg/,^;efe,efc) +2v {V*g-v;+V^,Vgf) 

~ 2g(ngefe, g,ei^ g,ekVgGl) + 2g( Vg_ej I'g Cfc , g,ekVgGl) 

~ ^^v{v*g(^k,Gk) +5'(Vg,e,Ugefe, Vg.e,W*efc) 

+ 2V;-r; • (VJ-n; + y^*) - 2ff ( Vg.e, + y^,*) , z;*ez) 

- Mv*gGk,yg,e^Vg -Vgf). 

If we set 

■■=^gv;iv,o, 

then the last expression writes as 

2div^{[(Dg,aV:-)(r;,y)]z;} 

= 25 (v*gGk,S/g,eiVgV*g (ei,efc)) +2g (VgU* {Gi,Gk),VgV* (ei,efc)) 

- 9{^yg-V*gGk,Gk)+\VgvX 

+ 2s/;-v ■ {s/;-v*g + v^) - 2 (|vg {s/;-v*g + v^) ,v;'^ 

- ‘^9(v*gGk,S/gV*g{Vgf,Gk)y 
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We infer the formula 

div;^ {[(/?,,nV:-)(n,f-)]n} = -iA^|z;|2 

+ yTv(yi-v; + ygV^) 

- {^9{K^v; + s/,v^) 

We obtain in conclusion the variation identity 
'i?g,n(div:v:-)(^;,F)]n = - 

- (Vg(2V;-«;+V,l/a*),^;;)^. (9) 

4 The second variation of Perelman’s H map 

Lemma 3 The Hessian form GDH{g,Q?) of Perelman’s map 

(g, fl) € X Vi I— > Hg^Q, with respect to the pseudo-Riemannian structure 

G at the point {g, 17) € Ad x Vi in arbitrary directions (v, V) is given by the 

expression 

2VGDH{g,n){v,V;v,V) = {C^v,v)^ i |„|2 + 

+ l\v\l + {Vfir-lGg,n{v,V;v,V) 

- 2 vi-v; + VgV^ ' 

9 

+ div^V;-^; + {n,hg.o)g). 
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Proof We consider a smooth curve {gt, C Al x Vi with (go, ^o) = (ff, 

and with arbitrary speed {go,(lo) = (v,V). We showe in |Pal2) that the G- 
covariant derivative Vg of its speed, in the speed direction, is given by the 
expressions 

(0*,0t) = Voigt,nt)igunt), 


Ot := gt + gt {n; - g:), 


Qt 


Then 


rit 


\9t\t — — Gg^^Q^igt,(lt] gt,^t) 


fit 


'^cDHigt, VLt){gt, 9t, ^2*) 


dt"^ 


H{gunt)-Dg^^n,H{eu&t). 


Using the first variation formula for H in |Pal2) we obtain the equalities 


2VGDHigt, ^t)i9t, ^t] gt, ^t) 


_d 

dt 




2i)ii: - div^; + dn;) - {gMg, 


- (A^; - 21)©: + div^; (v;"* 9t + del) + (0*, ht)g,. 


Using the identity ([9]) we obtain 


2VGDH{gt, ^t)igt, ^t, gt, ^t) 


2 (a 5 ^* - 1 ) ( - e: 


1 

dt 


2(Vgdn:,g,)g^ - 2(Vg:“g:+Vg,n:,Vg,n:)g, 

div^;v;"* (dt-9t) 

\a^:\ gt\l + ivlT^t,g;) - i^t,Vgj; 


- 2Va 


Tr 


]R 


9t ■ (v;"‘g: + Vg,n;) + (Vg, (2v;"‘g; + Vg,n;) ,gt)^ 
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Rearranging the previous expression, we obtain 

2VaDH{gt, 9t, 

+ {yg,dn;,gt)g, - 2\v;^*g: + VgMll 

\ / 9t \ / 9t 

+ 2(vg. + 

+ Trn, (^e;--^^gt'^h:-r,(^ht-r,h:) . 

Using the expression of 9t, we develop the term 

div^; v;f‘ {Ot - gt) = div""* v;"‘ [nu: - {g^f • 

For this purpose we remind a few elementary divergence type identities. For 
any smooth, function u, vector field ^ and endomorphism section A of Tx holds 
the identities 

V*g^iuA) = - A-VgU + uV*g^A, 

div^«) = {'VgU,Og+udiv^^, 

y*^A‘^ = -Trg(VgA-A)+AV*^A. 

Furthermore if A is ^-symmetric then holds also the formulas 

div^ (A • a = - (v;-A, 0^ + {A, VgOg, (10) 

div'' Tr, {VgA ■A) = - VgA)^ . (11) 
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For readers convinience we show (nni) and (ED in the appendix. Using the 
previous formulas we obtain the equalities 


div^‘ Vgf‘ 


- {gtf 


= div”‘ 

+ div^‘ [Tr,, • gl) - g^VlT9*t] 

= - {Vg,dnt,9t)g. + 2{V;f^glVgM) 


9t^H/Qt 


\ ' Qt \ ' Qt 

= -(vg, (v;f‘<7:+Vg,u:),g:)^^ 


+ u:div^‘v;"* 5 r 

\ ' Qt \ ' Qt 

Pluging this identity in the last expression of the Hessian of H we obtain 


2VGDH{gt, VLt){gt,(lugt, 

+ (V,,dfi:,gt},, - 2 |V;"‘ 5 : + 

+ (v,, (v;"‘g:+Vg,u:),5:)^^ 

+ (v;"* <?;, v;f‘ 5 r++ q : div'^* v^f* <?: 

+ n:(gt, ht)g, - i (£ggt - , 


14 






thanks to the variation formula of h in [Pal2) . Rearranging the previous expre- 
sion, we infer 

2VGDH{gt, lit; 5t, 

+ (Vs, (2v;f *gt + 3Vs,o:) , g^) 

+ (v;f‘5r,v;f‘g,* + 2Vs,ii:)s, 

+ { div^* Vsf‘g; + {gt, ht)g,'^ - ^ gt)^^ . 

Then the conclusion follows from the expression of 0*. □ 

In |Pal2] we show that the space G-orthogonal to the tangent to the orbit 
of a point {g, fl) € A4 x Vi, under the action of the identity component of the 
diffeomorphism group, is 

Fs.o := {(u,P) e TmxV, I V*-v; + \/gV^ = 0} . 


Corollary 1 The Hessian form SJGDH{g,Tl) of Perelman’s map 
{g,Tl) € Ad X Vi I — > Hg Q, with respect to the pseudo-Riemannian structure G 
at the point {g^Tl) G Ad x Vi in arbitrary directions (u,P) G Fg^o, is given by 
the expression 

2VGDH{g,n)iv,V-,v,V) 


= -^((^.^ + 2VsV;-)u,u)^ 




1 


oH; + (^ar- ttGs.o iv,V;v,V) 




5 Application of the weighted Bochner identity 


We observe that the formal adjoint of the Otxg operator with respect to the 
hermitian product 


(■> ')uj,n ■— / (■> ')uj 

Jx 


( 12 ) 
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is the operator 


d 


*s,ri 

Tx,j 




e ^•) 


With this notation, we define the anti-holomorphic fi-Hodge-Witten Laplacian 
operator acting on Tx-valued q-forms as 


Tx.g 


-^Tx,j 9 tx,j 




with the usual convention oo ■ 0 = 0, and the functorial convention on the scalar 
product in [Pill]. We will omit the symbol in the Hodge-Witten Laplacian 
operator, when 11 = Cst dVg. We define the vector space 


(.Tx,j) 


:= Ker A^’-^ n (A, 0 Tx,j) 


It has been showed in |Pal2] . that for any smooth J-anti-linear endomorphism 
section A of the tangent bundle holds the fundamental Bochner type formula 

C^A = 2A-^^A+[Ric*ig),A] + Vgf^VgA. (13) 

We observe that for bidegree reasons holds the equalities 


A - 
^Tx.j^ - 


V*g^A 


= V;A + AVgf 

Using the last equality we obtain the expression 

9txJtxA = dTxJrx.A + '^lA^^sf + ^d^x.j'^gf. 
We observe indeed 

2dTx.j{AVgf) = yg{AVgf) + JVgJ.{AVgf) 


= VgAVgf + AVlf + JVgJ.AVgf + J AV g J .V g f 

= 2V°;;,^V,/ + A(v2/-JV,,J.V,/) 

For bidegree reasons holds also the identites 

l%ZdTx.A = lv*,.-Jrx..A 

= V*-dTx,jA 

= ^*gdTx,jA + Vgf-<dTx,jA. 
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Thus 


2^Tx,j^Tx,jA = l^'^Tx,g^Tx,jA + y gf^dTx,jA 

= \dTxjTx,gA + Vgf^Vl’^jA - S/l)AVgf. 
Combining the identities obtained so far we deduce the expression 

A^’-jA = A^^A + Vgf^vlfjA + Ad^^^^Vgf. (14) 

Plugging this in the fundamental identity ([T^ we obtain the equalities 
C^gA = 2A^’-^A+[mc*{g),A]-2Ad^^^^Vgf 

- VJ-(v« - vj;;) >1 

= + [Ric*(5), A] - 2Ad^^^ Vgf 

- {JVgf)^JVgA. 

Thus, if A G Hg’J; iTx,j), then holds the stability identity 

(C^A, = -2 (Vlf, A^)^ + {JVgf^VgA, JA)^ . (15) 

6 Variations of cj-compatible complex structures 

Let {X, J, g, oj) be a Fano manifold such that ui = Ric^ (fl), with 11 G Vi and let 
{Jt)t C JL; be a smooth curve such that Jq = J. We differentiate the definition 
gt := —ojJt- We obtain g^ = —JtJt and g^ = —JtJt- On the other hand, 
deriving twice the condition = —I, we obtain = Jf and thus 

(fft)jf = {atf- The latter gives 

{Ttfjl = Tt - (gift = j^g*f 

For any endomorphism A of the tangent bundle and for any bilinear form B 
over it we define the contraction operation A^B := Alt {B o A), where Alt is 
the alternating operator and the composition operator o act on the first entry 
of B. Let Nj be the Nijenhuis tensor of an arbitrary almost complex structure 
J. Then the general formula 

- JtNj^ + dTx.j^jt, 
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(see a computation in [Pill]), implies drx^j^Jt = 0, in our case. Thus time 
deriving the identity 

^ 0 , 

we obtain the property 


• 5*= • * T— rliO • * 


dt 


Indeed we prove the variation formula 


( ^ O \ y7l,0 • 


(16) 


For this purpose we expand the derivative of Btx acting on a smooth endo¬ 
morphism section A of Tx- We obtain 


—Bt 

dt^ 


= 2^ Alt 


dt 


= A\tj^[Vg,A{^,r^) + JtVg,A{M,r^)] 


= Alt 
+ Alt 


(^! v) + 'AVgj A (Jtf, rj) 


t^tVgjA {Jt^, Tj) + JtS/g^A ^ ?7^ 


Using the variation formula 

Vg.A(e,ry)=Vg, (e,Ary)-AVg. (^,77), 
and the fact that the bilinear form Vg^ is symmetric we deduce the formula 


2 

= Alt 


|ar,v,..) > 1 ] ((.n) 

Vgt (^, Ar]) + jtVg^A{Jt^, r]) 


+ Alt 


Arf) 


JtAVg^ gt-^ 


We remind now (see [EilT]), that time deriving the Kahler condition Vg^Jt = 0, 
we obtain the identity 


'^gtiVyO + gti'^tVy 0 + gtjti^y'tf) — 0 ) 
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Using this in the previous formula with A = = —JtJt we obtain 


2 

= Alt 
+ Alt 
= Alt 


-JtVgJt {g:v,0 - rtJtVgJtiV,0 

iM,v) + {M,v) 

^gt9*t {gtV^O + Jt^atgl 




9t9Tx,j,9t ii,v) 


= Alt 


= -2 


- ^Ifg: igK,v) 


and thus the required formula. The latter can also be obtained deriving the 
Maurer-Cartan equation, which writes in the Kahler case (see the appendix) as 

= 0 , 

with fj,t the Caley transform of Jt with respect to J. 

We remind now (see |Pal2| l. that for any smooth family (gt, C holds 
the identity 




9t 



'^X,gt 



with Jt := —w ^gt- The latter rewrites as 




‘gt = {dTx,gyg?^9:f ■ 


(17) 


Lemma 4 For any smooth family {gt,flt)t C S^, with {g,ft) = {go,^o) and 
{go,(lo) G Tg Q, holds the symmetry property 




• * J ”5 T-7*^f ^ • * 

9. = (aT„v„--^_A' 


+ 


9o>9o 


(18) 


Proof Let A be a smoth ^-symmetric endomorphism section of Tx- Differ¬ 
entiating in the variables (g,fl) the trivial identity Vg'^A = (5^4), we 

obtain 


(Dg,nV:-)(v,V) 


A 


-v:v;-A + g 


-1 


(Dg^nV:-)(v,V) 


(gA) 


+ 


iv 

a \ g 
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We observe now the identities 


Mg{v,v) = 2gTig{\JgV*g-vl) +-d\v\l 

= 2vVl-v*g-2gVl- {v*gf + ]^d\v\l. 

Then using the variation formula ([5]) we infer the fundamental identity 


[Dg.aV:'){v,V) 


< = + (19) 


The variation formula for the Btx -operator acting on vector fields in lemma 
1 of [PilS] writes as 


Using this, the variation formula (1191) and the assumption on the initial speed 
of the curve {gt,^t), we infer 


X (» 

dt it=o ^ 


V7*^t A* ' 
. V a 


Tx.j^VsrfftJ = v;-g^^Vgg*o 

+ jdTx,jV*g-g^,g^ 


+ ^dTx.jVglgol^g + 2dTx.jV;--^^^ gl 

Using this equality, the elementary identity 

jAl = [4, SI, 

for arbitrary endomorphism section A of Tx and time deriving the identity 
(El), we obtain the required conclusion. (Notice that the endomorphism section 
^-symmetric thanks to the assumption = —Vg^o)- 


Corollary 2 Let {Jt)t Jui be a smooth curve such that Jq € {Tx,j) then 


9 


(jo-v^;yo) 

Proof The identity (fTC)) implies 




(jo-v^;yo) 


1 ^ 
- 9 


Pluging this in the equality dT51) and using the fact that the Laplacian term is 
^-symmetric (see [Pal2] l. we infer the required conclusion. □ 
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Lemma 5 Let {X, J, g^uj) be a Fano manifold such that lo = RiCj (LI), with 
SI G Vi and let {Jt)t C JL be a smooth curve such that Jq = J and Jq = 0. 
Then there exists unique (ipjAi) G A^’j~ such that 


_d 

dt |t_o 


9 : + 



71,0 

g,J 



Proof The identity (fTC)) implies 


dTx.j'^g,j4’ + ^ 1 - 


9tx,j 


dt |t=o 


gt + y 


g 




n,-j 

Tx.g 


) '(io-v 


1,0 

g,J 



0 . 


Moreover the endomorphism 


_d 

dt |t=o 


9 : + ^ 


*Q, 

9 






is g-symmetric thanks to corollary [5J lemma 13 in |Pal2) and identity (14.7) in 
|Pal2] . By corollary 3 in |Pal2] . we infer the required conclusion. Notice that 
(ip^Ai) is uniquely determined by Jq and Jq. □ 


7 Proof of theorem [T] 

For any smooth family C S^j, with (go,S4o) = (<?,S2), we consider the 

smooth curve t ^ "/t := LLg^ Q^Tlt/Ll G Then igt,^t)t = is 

a family of Kahler-Ricci solitons if and only if 74 = 0. We assume this identity 
and we notice that 0 = 70 = Dg^nIf{go, (Iq). We write 

g^ = -jjo = dTx,j^gJ+ 271 , 

with {9, A) G The properties of the first variation of imply 

According to the isomorphism r in remark [U we pick the unique 
u G Agsuch that 9 — iu G A^j and we consider the one parameter subgroup 

of w-symplectomorphisms dtp = idjc, given by 24't = — {ijj~^du) o 

Then ('kj'is still a family of Kahler-Ricci solitons and 

■77 Tt = To — X^oj~^duJ 


= JdTx,j^g,j{(^ ~ iu) + 2JA 


= 2JA. 
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Thus we can assume, without loss of generality in the statement of the theorem[Tl 
that the family of Kahler-Ricci solitons (Jt, satisfies Jq G Using 

this assumption, we explicit the second variation of the map (g, U) i —> H ^ q. 
The fact that = 2A, implies Uq = 0, thanks to the equations defining the 


space 

Thus 


2^ 

dF 

1 —St, fit 

\t=Q 

= 2VGDH{g, U)(go, 0; go, 0) + 2Dg^nH (C, S), 

with 

r *= 

d . 

S|t=0^*’ 



'dt\ 4 s ~ 4^ffU(5o,0;5o,0). 


Using the fact that (g, U) is a soliton and the first and second variation formulas 
for Perelman’s functions If (in |Pal2] and corollary [T]) , and W (in |Pal2) l , we 
infer 


2^ 


VgD {2H - W) (g, U)(go, 0; go, 0) + 2Dg,nH 
-2 {£^A, A)^ - (A^ - 21) - 2 ^ |U 

2 / |^|^FU + 2(A^-I)S?,-div''v;-e; 
2 / \A\lFn-2{C<;;A,A)^ + A^\A\l 

JC 


+ 2(A^-I)^ r2*_div^v;-^ 5:- 

at\t=o at\t=o 

Using lemma [S] and the weighted complex Bochner formula (13.9) in |Pal2] . we 
obtain 

d . * — 1, 


= 2^9.jKj - (20) 


and thus 




:= Re [(A^,^ - 2I)V^] , 


:= Im [(A^j - 2I)V>] . 
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(Here we use the notation z = Re z + i Im z, for any z G (D). Differentiating the 
tangential identity = —d , we obtain, 


2dd%— = -d 


di|t=c 




Using the variation formula (IT^ . and the identity ([20|) we obtain 

1 


and thus 


= Vg|H|2 + -Vg,j(A^^^-2l)V^. 


= -%-\A\l+ [ \A\ln. 


dtU=o''' 2 

We obtain in conclusion the variation formula 
d^ 


fX 




= 2 


J^\A\lFn-2{C^A,A)^ 

{A^-2I)\A\l-2 [ \A\ln 


- 2I)R^ + 


-2 {JVgf^VgA, JA)^ + 4 (V^/, + 2 ^ |H|^ FH 

(A^ - 21) \A\l - 2 |H|^ H Re^, 


thanks to identity (flSl) and a computation in the proof of lemma 25 in |Pal2] . 
We denote respectively by tti and 7r2 the projection to the first and second factor 
of the decomposition (jH) . Then the identity 


0 = »« = 


is equivalent to the identity 


Ul 


lx 


4{Vlf,A^)^-2{jygf- 


7gA,JA)^-{A^-2I) |H| 


H = 0, (21) 
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for any u = ui + m 2 G j) with ui, U 2 , real valued. We observe now the 
equalities 

f ui(A^-2I) = -[ B^^jU2\A\ln 

Jx Jx 

= j^U2{JVgf).\A\ln 

= 2 / u2{JVgf^VgA,A)g^l. 

'J X 

We conclude that the identity (ED is equivalent to 

2 / u,{Vlf,A^) n = [ (jVgf^VgA,iux,A) f], 

Jx ^ JX ^ '9 

which shows the required conclusion. 

8 Appendix 

8.1 Proof of the identities (IlOp and (11111 

By definition of the ll-divergence operator and using the symmetry of A we 
infer 

div^(Gl.C) = g{Vg,eAA-0,ek)-9{A-^,Vgf) 

= 9Xg,ekA ■ c + A ■ efe) -g{i,A- Vgf) 

~ 9 Vg.efc A • Cfc — A • ^gf) + g Xg,ek^i ACfe) , 
and thus the identity (fTOll . We expand now the term 
div^ Trg (VgA ■ A) = div^ (Vg,efc A • Acfc) 

= 9 X g,ei X g,ekA ■ Aefc), ej) — g (Vg^e^ A • Ae^, Vg/) 

— 9 g,ei^ g,ek A ' Acfc “t“ ^ g,ek A ' ^ g^ei A ’ €1^ 

— g {Ack,^g,ekA ■ gf) ■ 


24 




Expanding further we infer 


div^Trg (VgA ■ A) = g (Acfe, Vg^e, • e;) + 5 (Vg,e,^ • e^, A • e;) 

— g [Ack,'^g,ek-^ ' ^gf) 

= g ^Ack, ^g,ei^gA{ei,ek) — g^ gf J Sk)^ 

+ (VsA,VgA)^, 

and thus the identity (ED. 

8.2 The Maurer-Cartan equation in the Kahler case 

We observe that for any vector spaces V and E, we can dehne a contraction 
operation 

- : (APy* (g) y) X (g) E) —^ AP+‘^-^V* ® E 

{a, 13) I—)• 0-1/3, 


by the expression 


(a-./3){^) := ^ e/^(a(6),Cc/)- 

|/|=deg 06 


This map restricts to 


X — 5 - £:’'-bP+ 9 . 

We notice indeed the identity a ^ (3 = Q A {ai -i /3), where a = ai ® Q, 
with (Cfc)fc C j) a local frame. (We use from now on the Einstein 

convention for sums). Obviously, the contraction operation generalises the 
one used in the previous sections. 



Lemma 6 (Expression of the exterior Lie product). Let {X,J,uj) be a 
Kahler manifold and let a, f3 € C°°(X, Aj*rj(g)(cT^’j). Then holds the identity 

[a, 13] = a-5“i,o/3-(-l)l“ll^l/3-a“i,oa. 

^X,J ^X,J 

Proof In the case |a| = |/3| = 0, the identity follows from an elementary 
computation in geodesic holomorphic coordinates. In order to show the general 
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case, let (C/c)^ C 0{U,T]f j) be a local frame. We consider the local expressions 

a = aK Cl- Then 

[a, /?] = [ax , /3l] ® ((k ^ Cl) 

= (aifSyi.o Pl — /3l “'9^1,0 aif') ® (C^ A C2) • 

The identity dj,^o^C,k = 0 implies djCx = 0- We infer 

5“i,o a = 5^1,0 ax A C^, 

-'x.j -^x.j 

and a similar local expression for p. Thus using the identity 

« “■ 7 = Cl: A (a^ -■ 7 ), 
with 7 arbitrary, we deduce 

a^d'^1,0 P = (ax^d'^1,0 Pl) ® (Cx ^ Cl) ) 

.X, J \ ^ , fc/ / 

P^d'^ 1,0 a = (pL~'d'^i,o OLx\ ® (Cl Cx) 

\ X*, t/ X 

= [pL^d^Loax) ® {Cx A Cl) , 

and thus the required conclusion. □ 

We deduce that over a Kahler manifold the Maurer-Cartan equation 

i9j,i,o d + - [0,0] = 0, 

X, Jq z 

writes as 

97 . 1,0 9 + O—'dPi.o 9 = 0. (22) 

-'x.j ^x,J 

We show below that we can rewrite the Maurer-Cartan equation in equivalent 
real terms as 

= 0, (23) 

or in more explicit terms 

(I-I-^)-■ JVg^ = (I-I-/r) J-iVg/r. 

In order to show ((23)l we expand, for any u,v € Tx, the term 

{9^d'Pi,o 0 ) (m, v) = 9“i,o 9 {9u, v) + dti,o 9 (u, 9v) 

\ ^X,J / -^X,J ^X,J 

= Vl'°9{9u,v)-Vl'°9{v,9u) 


-b 


7 I .0 

g,J 


9{u,9v)-W]’^j9 {9v,u). 
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Expanding further we obtain 


2(^0^d^,,oO^ {u,v) = Vg6 {eu,v) - iVg6 {jeu,v) 

- yge{v,eu) + iVg6{jv,eu) 
+ yge{u,ev)-iVg6{ju,ev) 


- Vge{ev,u) + is/ge{jev,u). 
Using the fact that 6 takes values in T^’j we obtain 


2 



2Vge (6»u, v) - VgO {v, 9u) + iVgd {Jv, 9u) 


- 2Vg9 {9v, u) + Vg9 {u, 9v) - iVg9 {Ju, 9v). 

Replacing on the right hand side of this equality the identity 29 = fj, — iJii and 
adding the conjuguate of both sides we infer 


8 (9^d^i,o^9"j {u,v) + 8^0-i9“i,o 9^ {u,v) 
4Vg/x {fiu, v) — 4J\/gfj, v) 


— 2Vg/i (v,/xu) + 2 JVg/i (u, J/rrt) 


+ 2Vg/i (</U, j/iu) + 2 JVg/i ( Ju, /iw) 
+ 2Vg/i (u, /iu) — 2 JVg/i (m, J/iu) 


— 2Vg/i ( Ju, J/xu) — 2 JVg/i ( Jm,/ iu) 

— 4Vg/i (/iU, u) + 4JVg^ (J/xu, u). 
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Using the anti J-linearity of we deduce 


8 {u,v) + 8^0-.9^i,o 9^ {u,v) 

= gfJ, {^J,U,v) — ^JVgfl {JflU,v) 


— AV g^ipv^u) -\- A:J'S/g^{J ^V,u) 

= 8 (u, v). 

The latter combined with 

dj^i.o 9 (u,v) + dj,i,o 9 (u,v) = dTx,jM(u,v), 

and (l22l) implies the required identity (l23l) . 
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